
PHY456 Lecture 7:

Addition of Angular Momenta

-,
Prem:define some change of basisbetween the Hilbertspaces

[lam, jzmmb, M,= i,-, i, Mz=-j2, ...,jz) (2j,+1)(2j2+1) - dimensional

21im), 5=?,m=?) Also mustbe (2jit1) (2j2+1) -dimensional

ofeigenmeters of 52, 5:I =E, +52.

For brevity, since j,j2 are fixed, let'swrite our eigenvectors as

Im, mzL.

Notice that Jz/m,m2) =h(m,+rez) (m,mch Since Jz =3,z +52z

z-components add

which means thatm,my can range from directly

-jirjz, ..., j, tjz

implying thatI ranges from -E(jitin) tocitiz
Let's drop the t-

so itmustbe that 2 has jmax: sitjz-

How to find smin? Dimensionality.



-> Sum of all dimensions of Hilbertspaces mustbe (2ji+1)(2j2+1).

Spiritexample:jmax=1, jmin:O

(*) =Itz =I - I

no loss of generality:"Guess, then verify later...

jmax =j, + j2

jmax-1=j, +52-1
j =(j,+ j2, . . . ,j,jz)

: -
jmint) =j, -j2 + 1 3 252 values

jmin=ji-j2 where is is the smaller spin

The dimension of thisnew fibertspace is 2(j,+52-k)-1

where a runs from 0 to 252.
jitiz j.jz

and the sum of total dimensions is

zi

(2(jtin-k) +1] =22(+)-22,
k =0

-

Ek =N(n+1)
I

=(252 +1)(2(j,+j) +1) -+)
=4j.j2 +422 +2 +2j, +2jz +1 - 422- Eje

=4j,52 +25+2j2 +1

-(2j1 +1)(252+1)



so dimensionality matches.

Hence je(jitjz, J1+52-1,..., ji-jnt1, jijiy

[11
I examples:ji=, j2= t.

Possible values j =E,

j, 3-dim (-1,0,1) dim J3z=4), ,-t,-2)
jz2-dim(-z,z) dim it

=2 [,-z)

3.2 =6 4+2 =6

dimensionalitymatches.

22] ji= 1, J2=1.

possible value i =1, 1,0.

j.,52 both 3-dimensional dimj2= 5 (2,1,0,-1,-2)

tot =4 dinj,=3 (1,0, - 1)
dim jo= 1 (0)

tot som:9.

dimensionalitymatches.

Next: how do we map

(1m,mby-space to [15,m33-space?



We want to express (5,m) in terms of 1m,mch

with the previously found j's

Observe the basicchange

15.m)= EY (sm,i(m) (5m, jimzlim)
-

M, =-j, M2=-jz
Clebshe-Gordon
Coefficients.

For given ji,se we have the 15m) States

je

md j1+52 j,t52-1 --- j1jz

15+52,jit52) - X

Istin,site- Isitsin,sits. -
-

X

Isiesz, jitin-2) Istiz, sittins--Is in, sirjzb
" i !

litin, snack Ice--as, just
151452, -5, -j2) - X



Far top-right (1-1) State, can only be constructed outof

/5,m, jzmz) when M,m, are both max! There's no other state with

Jz =J,z +J2z =j,+j2-

We can move down the column by applying the total angular

momentum lowering operator J.:

I. 15152, jit5z)=J,-1jis,) * (5252) +155, *Jz-lizjzb

=Vj, +j, +j2+j2'/j15z,j1jz-1)

= (jj-1) * (52,52) vijs +lis &152,52-1victiz

Hence (5152,5152-1)=15n5:1, jz, j2h jeIsijn, jajar in
* thisis normalized

Thisisclean, and we can keep lowering the states

with J.in the jitjn column.

Whatabout the 3:j,+j2-1 column? The top state has

m=jitjz-1 and is hence a linear combination of

151551,5252) and 1551,5252-17



which is should be orthogonal to

bitz, sitjar= 1s, jr; j2in)+ lis;jzic- in
and thus Yare,orthogonale
Isitjzt, sitjz-=15,5,; jziz- i-biss-, izichn
and both states are normalized to 1.

can similarly apply 5- to obtain all states in that

column...

Move to third column j:jit]z-2:

-> top state:(jitiz-2, j,+jz-2)

but there is an M-jit]2-2 State in both col. 1 and 2,

can yet M=jitjz-2 by adding three states

15. jir; 52j2-17

b conditions:-
all orthogonal

15.51;j2jz-27 under 2

15.3r2;5252) - all normalized

...



We could do all of them, but this takes way too much

time.

In general:

(5m)-Zi je line,sin (sim simal jun-
CC2 coefficients

pertie
1) Lim, jemelims to iff j=[sitjz, sitjzt, ..., j,-jz]

iff M=m, +m2

2) All in jawz/jm) eR

3) (m, jemz/jm) > 0.

4) <im,j2mzlim) = (-18+52-5(5, -M1,52-M21j -M)
5) Matrix of CG is unitary

ey for txt =1 +0

15m>

(ii)=1 oreliminat



Atom in Electric Field

t AH = -e .E (-d.E)

a
Addition to Flatom due to E-field to see effect

on levels "Stark effect".. Need to know various matrix

elements i=1,2,3

<nem1e#/n'em) - (nem/riluemL
-

I ↑
with E withoutE

Now, Gwig:(rz, rx+iry, ex-iry]

-(cose, sinceit, sincein
~ r[Y,", Y, Y's

a

spherical
Harmonics

with 1=1

This means that the states [wilRM)) =54,01em3, 4'lems, isleast
transform under rotations exactly as the States (9,m,; am2)

R= 1, M, =-1,0,1

but then the matrix element of AH is



1H usenel,0,9m), Lein), em, (ei'll,-1, em)

- the CG coefficients for 1x1 =(1+1) - (1-1)!
so I can only be I1

Aparticular case ofthe Wigner-Schart theorem.

-F is an "irreducible vector operator"(l=1 (i=1,2,3)

-> rirj - w2Sij= traceless symetric 3x3 matrixwith 5

↑ elements

R=2 irreducible

tensor


